The present paper deals with the establishment of some coupled common fixed point results for mixed monotone operators satisfying new nonlinear contractions in ordered G-metric spaces. The mappings considered are commutative. Present study enrich as well as generalize the very recent works present in [15, 21, 22, 23, 24] . The work is furnished with suitable illustrations.
Introduction with Preliminary Results
With an aim to generalize the notion of metric space, Mustafa and Sims [1] introduced the frame of G-metric space. By that time, various fixed point results were carried by different researchers in this structure. Examples of the relevant work can be found in [1] [2] [3] [4] [5] [6] [7] [8] [9] .
The important notion of coupled fixed points was initially founded by Guo and Lakshmikantham [18] . But the theory of coupled fixed points was enormously developed after the work of Bhaskar and Lakshmikantham [10] , where the authors introduced the notion of mixed monotone mappings. Lakshmikantham andĆirić [11] extended this notion further to the mixed g-monotone mappings.
Alternatively, the first coupled fixed point result in ordered G-metric spaces were proved by Choudhury and Maity [15] . Since then, authors enjoyed many coupled fixed point results in this setup. In the present study, we use symbol g and or g for defining the function G in G-metric spaces but we call the space to be the G-metric space.
We start our work with the recap of some preliminaries of G-metric space as follows: Definition 1.1 ( [1] ). Let M be a non-empty set, g : M × M × M → R + be a function for which following hold: (G1) g(h, k, l) = 0, if h = k = l; (G2) 0 < g(h, h, k) for all h, k in M with h = k; (G3) g(h, h, k) ≤ g(h, k, l) for all h, k, l with k = l; (G4) g(h, k, l) = g(h, l, k) = g(k, l, h) = . . . , (G5) g(h, k, l) ≤ g(h, m, m) + g(m, k, l), for all h, k, l, m belonging to M.
Definition 1.5 ([15]). A mapping T : (M, g)×(M, g) → (M, g)
is said to be continuous if {a n } and {b n } are g-convergent to a and b respectively, imply {T (a n , b n )} is g-convergent to T (a, b).
Definition 1.6 ([11]
). Let (M, ≤) be a partially ordered set. Consider the mappings T : M ×M → M and ω : M → M. Then, T is said to have mixed ω-monotone property if T (α, β ) is monotone ω-non-decreasing in α and is monotone ω-nonincreasing in β . Taking ω to be identity mapping on M, we obtain definition of mixed monotone property for mapping T .
Definition 1.7 ([10]
). An element (α, β ) belonging to M × M is called a coupled fixed point of a mapping T : M × M → M if T (α, β ) = α and T (β , α) = β .
Definition 1.8 ([11]
). An element (α, β ) belonging to M × M is called a coupled coincidence point of the mappings
with r 1 + r 2 > 0. Definition 1.11 ([19] ). A function π : R + → R + is an altering distance function if it is continuous, non-decreasing and π(t) = 0 iff t = 0.
Let (M, ≤) be a partially ordered set and g be a G-metric on M, then together, we write (M, ≤, g) and specify it as ordered G-metric space.
For the mixed monotone operators, Choudhury and Maity [15] formed some fixed point results under following contractive condition:
where k ∈ [0, 1).
Nashine [21] obtained coupled coincidence points for a pair of commuting mappings by extending the contractive condition (1.1) as follows:
where k ∈ [0, 1 2 ). Karapinar et al. [22] considered a generalized φ -contraction and improved various results present in the literature of coupled fixed point theory in G-metric spaces. Giving the value kt to φ (t) with k ∈ [0, 1) for t > 0, Karapinar et al. [22] generalized the contraction (1.1) under the following condition:
Mohiuddine and Alotaibi [23] , extended contraction (1.1) under the following condition:
where φ , ψ : R + → R + be the functions such satisfying following respectively:
(ii) lim t→r ψ(t) > 0 for all r > 0 and lim t→0+ ψ(t) = 0.
Using these functions φ and ψ, Jain et al. [24] extended the contraction (1.3) by considering the following contraction:
Present work asserts to investigate coupled coincidence and coupled common fixed points under new contraction which is nonlinear, in ordered G-metric spaces. Here, we enrich and extend many recent results present in the literature.
Main Results
Theorem 2.1. Let (M, ≤, g) be an ordered G-metric space, which is complete. Let T : M × M → M and ω : M → M be mappings so that T has the mixed ω-monotone property on M. Assume ∃ a ℘ ∈ Ξ, an altering distance function π such that
for all l, m, u, v, w, n belonging to X with ωw ≤ ωu ≤ ωl and ωy ≤ ωv ≤ ωn. Let T (M × M) ⊆ ω(M), the mappings T and ω commute and both are continuous. If ∃ r 0 , s 0 belonging to M such that ωr 0 ≤ T (r 0 , s 0 ) and ωs 0 ≥ T (s 0 , r 0 ), then T and ω have a coupled coincidence point in M.
Proof. By hypothesis, ∃ r 0 and s 0 ∈ M satisfying ωr 0 ≤ T (r 0 , s 0 ) and ωs 0 ≥ T (s 0 , r 0 ). By using the condition
. On repeating these facts with the mixed ω-monotone property of T , we obtain two sequences {r n } and {s n } in M with the following: ωr n = F(r n−1 , s n−1 ) ≤ ωr n+1 = F(r n , s n ) and ωs n+1 = F(s n , r n ) ≤ ωs n = F(s n−1 , r n−1 ).
Indeed, we suppose (ωr n+1 , ωs n+1 ) = (ωr n , ωs n ) for all n belonging to N, otherwise we can obtain directly required result.
Since ωr n ≥ ωr n−1 and ωs n ≤ ωs n−1 , by (2.1), we have
≤ π g(ωr n , ωr n , ωr n−1 ) + g(ωs n , ωs n , ωs n−1 ) 2 −℘(g(ωr n , ωr n , ωr n−1 ), g(ωs n , ωs n , ωs n−1 )).
(2.2)
Denote by δ n := g(ωr n+1 , ωr n+1 , ωr n )+g(ωs n+1 , ωs n+1 , ωs n ), then by monotone property of π, by (2.3), we obtain that δ n ≤ δ n−1 , so that {δ n } is a non-increasing sequence. So ∃ some α ≥ 0 such that
We shall show that α = 0. Suppose, on the contrary, that α > 0. By (2.4), the sequences {g(ωr n+1 , ωr n+1 , ωr n )} and {g(ωs n+1 , ωs n+1 , ωs n )} have convergent subsequences which we still denote by {g(ωr n+1 , ωr n+1 , ωr n )} and {g(ωs n+1 , ωs n+1 , ωs n )}, respectively. Suppose lim n→∞ g(ωr n+1 , ωr n+1 , ωr n ) = α 1 and
2), using (2.4) and considering the continuity of π and the property of ℘, we obtain that
which is a contradiction. Thus α = 0, that is,
Next, we show that {ωr n } and {ωs n } are Cauchy sequences by contrarily assuming that at least one of {ωr n } and {ωs n } is not Cauchy. Thus, ∃ an ε > 0 and sequences of natural numbers {m( j)} and {k( j)} such that for all natural numbers
By (G5), we get
Using (2.9)-(2.12), we have
Letting j → ∞ in the last inequality and using (2.7) and (2.8), we obtain that
Using the fact that g(a, a, b) ≤ 2g(a, b, b) for any a, b ∈ M, we obtain from properties (G2)-(G4) that
By (2.15) and (2.16), we have
Using the properties of π, we have
Taking j → ∞ in the last inequality, using (2.7), (2.14) and the continuity of π, we obtain that
By (2.19) and (2.20), we obtain that
By (2.14), the sequences {g(ωr k( j) , ωr k( j) , ωr m( j) )} and {g(ωs k( j) , ωs k( j) , ωs m( j) )} have subsequences converging to say, ε 1 and ε 2 respectively, and ε 1 + ε 2 = ε > 0. Passing to sub-sequences, we assume that lim j→∞ g(ωr k( j) , ωr k( j) , ωr m( j) ) = ε 1 and
Using (2.14) and the properties of π and ℘ in (2.21), we obtain that
Therefore, {ωr n } and {ωs n } are Cauchy sequences in (M, g).
) is complete ∃ r, s ∈ M so that {ωr n } is g-convergent to r and {ωs n } is g-convergent to s, then by Proposition 1. Since, ωr n+1 = T (r n , s n ) and ωs n+1 = T (s n , r n ), and the mappings T and ω are commutative, we obtain that
Next, we show that T (r, s) = ωr and T (s, r) = ωs. As T is continuous, {ωr n } is g-convergent to r and {ωs n } is g-convergent to s, hence using Definition 1.5, we have {T (ωr n , ωs n )} is g-convergent to T (r, s). Therefore, by (2.28), {ω(ωr n+1 )} is g-convergent to T (r, s). Therefore, uniqueness of the limit and (2.26) imply that T (r, s) = ωr. Similarly, we have that T (s, r) = ωs. Hence (r, s) is a coupled coincidence point of T and ω. 
Adding the above six inequalities, we exactly obtain (2.1) for
12 . Also, r 0 = −2, s 0 = 2 are the elements of X so that ωr 0 ≤ T (r 0 , s 0 ), ωs 0 ≥ T (s 0 , r 0 ). Now T , ω, π, ℘ meet the requirements of Theorem 2.1. Using Theorem 2.1 we get that T and ω has a coupled coincidence point (0, 0).
In Theorem 2.1, taking ω to be the identity mapping on X, we have the following result: Corollary 2.1. Let (M, ≤, g) be an ordered G-metric space, which is complete. Let T : M × M → M be a continuous mapping having mixed monotone property on M. Assume that ∃ a℘ ∈ Ξ, an altering distance function π such that for t 1 ,t 2 ∈ R + with ψ : R + → R + being the function satisfying the condition lim t→r ψ(t) > 0 for each r > 0, contraction (2.1) becomes
which is analogous to the contraction (1.5).
(ii) In Theorem 2.1, on letting π = I X (the identity mapping on
which is contraction (1.3).
(iii) In Theorem 2.1, on letting π and ω to be the identity mappings on their respective domains and ℘(t 1 ,t 2 ) = 1−k 
Then T is continuous and has mixed monotone property. Here, condition (2.31) holds for this T but not the condition (1.1). Assume ∃ some k ∈ [0, 1) satisfying (1.1). Then, for l ≥ u ≥ w and m ≤ v ≤ n, we have
by which, for l = u = w, v = n, m = v, m = n, we get
Hence, T does not satisfy (1.1).
Next, we assert that T does not satisfy (1.4). Contrarily, let the condition (1.4) holds for some φ and ψ satisfying the required conditions. Then, for l ≥ u ≥ w and m ≤ v ≤ n, we must have
then, for ρ := 1 2 (|n − v| + |n − m|), using the last inequality, we obtain that
(by property of φ )
Now, we claim that (2.31) holds. Indeed, for l ≥ u ≥ w and m ≤ v ≤ n, we have
Adding the above six inequalities we get exactly (2.31) with
2 ). Also, r 0 = −1, s 0 = 1 are the two points in X such that r 0 ≤ T (r 0 , s 0 ) and s 0 ≥ T (s 0 , r 0 ). By Corollary 2.1, we obtain that T has a coupled fixed point (0, 0).
Next, we generalize Theorem 2.1 using the following definition:
Definition 2.1. An ordered G-metric space (M, g, ≤) is said to be regular if the following hold:
(i) if {r n } is a sequence so that r n ≤ r n+1 and r n → r, then r n ≤ r for all n,
(ii) if {s n } is a sequence so that s n ≥ s n+1 and s n → s, then s ≤ s n for all n. Proof. Following the proof of Theorem 2.1, it follows that {ωr n } and {ωs n } are Cauchy sequences. Without loss of generality, assume that (ω(M), g) is complete, then there exist r, s ∈ M such that ωr n → ωr and ωs n → ωs as n → ∞. Since ωr n → ωr and ωs n → ωs as n → ∞ and {ωr n } is non-decreasing and {ωs n } is non-increasing, by given hypothesis, we have ωr n ≤ ωr and ωs ≤ ωs n , for n ≥ 0.
Then using (2.1), we have
Now, using the properties of π, we obtain that
Letting n → ∞ in the last inequality, we obtain that g(T (r, s), ωr, ωr) ≤ 0 and g(T (s, r), ωs, ωs) ≤ 0, which implies that g(T (r, s), ωr, ωr) = 0 and g(T (s, r), ωs, ωs) = 0, that is, T (r, s) = ωr and T (s, r) = ωs. Next, we explore the uniqueness of coupled common fixed points. If (M, ≤) is a partially ordered set, we endow the product M × M with the following partial order: 
is comparable to (T (r, s), T (s, r)) and (T (r * , s * ), T (s * , r * )). Then T and ω have a unique coupled common fixed point in M.
Proof. By Theorem 2.1, the set of coupled coincidences is non-empty. In order to prove the result, we first show that if (r, s) and (r * , s * ) are coupled coincidence points, that is, if ω(r) = T (r, s), ω(s) = T (s, r) and ω(r * ) = T (r * , s * ),
) is comparable with (T (r, s), T (s, r)) and (T (r * , s * ), T (s * , r * )). Putting α 0 = α, β 0 = β and choosing
Tracing the proof of Theorem 2.1, inductively define the sequences {ωα n } and {ωβ n } so that ωα n+1 = T (α n , β n ),
Set r 0 = r, s 0 = s, r * 0 = r, s * 0 = s and on the same way, define the sequences {ωr n }, {ωs n }, {ωr * n } and {ωs * n }. Then, it is easy to obtain that
and
As (T (r, s), T (s, r)) = (ωr 1 , ωs 1 ) = (ωr, ωs) and (T (α, β ), T (β , α)) = (ωα 1 , ωβ 1 ) are comparable, then ωr ≤ ωα 1 and ωs ≥ ωβ 1 . It is easy to see that (ωr, ωs) and (ωα n , ωβ n ) are comparable, that is, ωr ≤ ωα n and ωs ≥ ωβ n for all n ≥ 1. Using (2.1), we have π g(ωα n+1 , ωr, ωr) + g(ωβ n+1 , ωs, ωs) 2 = π g(T (α n , β n ), T (r, s), T (r, s)) +g(T (β n , α n ), T (s, r), T (s, r)) 2 ≤ π g(ωα n , ωr, ωr) + g(ωβ n , ωs, ωs) 2 (2.54) −℘(g(ωα n , ωr, ωr), g(ωβ n , ωs, ωs))
≤ π g(ωα n , ωr, ωr) + g(ωβ n , ωs, ωs) 2 . (2.55)
Using the monotone property of π, we have g(ωα n+1 , ωr, ωr) + g(ωβ n+1 , ωs, ωs) ≤ g(ωα n , ωr, ωr) + g(ωβ n , ωs, ωs).
Denote by τ n := g(ωα n , ωr, ωr) + g(ωβ n , ωs, ωs), then the sequence {τ n } is monotonic decreasing, so ∃ some τ ≥ 0, such that lim n→∞ τ n = lim n→∞ [g(ωα n , ωr, ωr) + g(ωβ n , ωs, ωs)] = τ.
We shall show that τ = 0. Suppose, to the contrary, that τ > 0. Therefore, {g(ωα n , ωr, ωr)}, {g(ωβ n , ωs, ωs)} have subsequences converging to τ 1 , τ 2 (say) respectively. Taking the limit, up to subsequences, as n → ∞ in (2.54), and using the continuity of π, we have Hence, we can obtain that ωα n → ωr and ωβ n → ωs as n → ∞. Similarly, one can obtain that ωα n → ωr * and ωβ n → ωs * as n → ∞. Now, the uniqueness of limit imply that ωr = ωr * and ωs = ωs * . Thus, we proved (2.51).
As ωr = T (r, s), ωs = T (s, r) and since the mappings T , ω commutes, we obtain that ωωr = ωT (r, s) = T (ωr, ωs) and ωωs = ωT (s, r) = T (ωs, ωr). Thus, (c, d) is a coupled common fixed point of T and ω. For the uniqueness of the coupled common fixed point, suppose (e, f ) be any coupled common fixed point of T and ω. Then by (2.51), we obtain e = ωe = ωc = c and f = ω f = ωd = d.
